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1. Introduction
In this paper, we are concerned with the following fractional and higher-order fractional He´non-
Lane-Emden systems
(1.1)

(−∆)k+α2 u(x) = |x|avp, x ∈ Rn,
(−∆)l+β2 v(x) = |x|buq, x ∈ Rn,
u(x) ≥ 0, v(x) ≥ 0, x ∈ Rn,
where u ∈ C2k+[α],{α}+loc (Rn) ∩ Lα(Rn), v ∈ C2l+[α],{α}+loc (Rn) ∩ Lα(Rn) with  > 0 arbitrarily small,
0 < α, β < min{2, n}, a, b, p, q ≥ 0 are real numbers, k, l ≥ 0 are integers, [t] denotes the integer part
of real number t and {t} := t− [t].
For any u ∈ C [α],{α}+loc (Rn) ∩ Lα(Rn), the nonlocal operator (−∆)
α
2 (0 < α < 2) is defined by (see
[8, 9, 15, 16, 29])
(1.2) (−∆)α2 u(x) = Cn,α P.V.
∫
Rn
u(x)− u(y)
|x− y|n+α dy := Cn limε→0
∫
|y−x|≥ε
u(x)− u(y)
|x− y|n+α dy,
where the function space
(1.3) Lα(Rn) :=
{
u : Rn → R ∣∣ ∫
Rn
|u(x)|
1 + |x|n+αdx <∞
}
.
Throughout this paper, for m = k or l and 0 < α < 2, we define (−∆)m+α2 f := (−∆)m(−∆)α2 f for
f ∈ C2m+[α],{α}+loc (Rn) ∩ Lα(Rn), where (−∆)
α
2 f is defined by definition (1.2). The assumption u ∈
C
2k+[α],{α}+
loc (R
n) and v ∈ C2l+[β],{β}+loc (Rn) with arbitrarily small  > 0 guarantees that (−∆)
α
2 u ∈
C2k(Rn) and (−∆)β2 v ∈ C2l(Rn) (see [7, 29]), hence (u, v) is a classical solution to (1.1) in the sense
that (−∆)k+α2 u and (−∆)l+β2 v are pointwise well-defined and continuous in the whole Rn.
D. Cao was supported by NNSF of China (No.11831009) and Chinese Academy of Sciences (No.QYZDJ-
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When k = l = 1 and α = β = a = b = 0, system (1.1) is the well-known Lane-Emden system
(1.4)
{
−∆u(x) = vp, x ∈ Rn,
−∆v(x) = uq, x ∈ Rn.
The celebrated Lane-Emden conjecture, which states that the system (1.4) admits no non-negative
non-trivial solutions provided p > 0, q > 0 and 1p+1 +
1
q+1 > 1− 2n , has been extensively studied and
solved for n ≤ 4 in [25, 27, 30, 32, 33]. Recently, Li and Zhang [24] proved the He´non-Lane-Emden
conjecture for n = 3.
For k = l = 0, 0 < α = β < 2 and a = b = 0, (1.1) is reduced to the fractional Lane-Emden system
(1.5)
{
(−∆)α2 u(x) = vp, x ∈ Rn,
(−∆)α2 v(x) = uq, x ∈ Rn.
Naturally, one can also ask whether system (1.5) admits no non-trivial solutions for p > 0, q > 0 and
1
p+1 +
1
q+1 > 1 − αn or not. Not much work has been done on this question. As far as we know, the
best results were obtained in [28] via the method of moving planes and [1] with probabilistic method.
One can see that decay estimates for second order Lane-Emden system and He´non-Lane-Emden
system (i.e. Proposition 2.1 in [33] and Lemma 3.3 in [24]) are essential in the proof of Lane-Emden
conjecture in dimension 3 and 4 and He´non-Lane-Emden conjecture in dimension 3. However, the
main technique used in [33] and [24] can not be applied directly to our problem since the fractional
Laplacians are nonlocal.
We overcome this difficulty in the fractional order cases (i.e. k = l = 0) through an interesting
observation. The nonlocal average
∫ +∞
R
Rα
r(r2−R2)α2 u(r)dr plays a basic and important role for the
nonlocal fractional Laplacians (−∆)α2 (0 < α < 2), which is similar to the role of u(r) for the
Laplacian −∆. Instead of deriving decay estimates for the spherical average of solutions via ODE
method, we will use integral representation formulae to obtain decay estimates for the nonlocal average
of solutions to (1.1), which turn out to be enough to deduce Liouville type theorems. The nonlocal
average of solutions has been used to obtain super-poly harmonic properties for higher-order fractional
equations in [3] and [14]. In this paper, combined with careful analysis, we will show how to use this
observation to derive a prior estimates for fractional systems. We believe that techniques developed
here will be useful in the study of fractional equations. In the higher order cases k, l ≥ 1, applying
Theorem 1.4 in [3], we obtain the equivalence between PDE systems (1.1) and the corresponding
integral systems (2.1) when 0 < 2k + α, 2l + β < n. Then we investigate the corresponding integral
systems and establish the desired decay estimates by some basic properties of integral equations (see
Proposition 2.2).
Our decay estimates for (1.1) are as follows.
Theorem 1.1. Let (u, v) be a non-negative solution of system (1.1). If p, q ≥ 1 and pq > 1, then
there exists a positive constant M = M(k, l, α, β, a, b, p, q, n) such that, for R > 0,∫ +∞
R
Rα
r(r2 −R2)α2 u(r)dr ≤MR
− 2k+α+a+p(2l+β+b)
pq−1 ,(1.6) ∫ +∞
R
Rβ
r(r2 −R2)β2
v(r)dr ≤MR−
2l+β+b+q(2k+α+a)
pq−1 ,
where the spherical average u is taken with respect to 0. Furthermore, for k, l ≥ 1, estimate (1.6) can
be local
u(R) ≤MR−
2k+α+a+p(2l+β+b)
pq−1 , v(R) ≤MR−
2l+β+b+q(2k+α+a)
pq−1 , ∀ R > 0.(1.7)
One can see that (1.6) and (1.7) generalize the crucial estimates for second order systems(i.e.
Proposition 2.1 in [33] and Lemma 3.3 in [24]). Note that (1.7) is stronger than (1.6), therefore for
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k, l ≥ 1, we only need to prove (1.7). It is kind of surprising that we derive a local estimate (1.7) for
the nonlocal higher-order fractional He´non-Lane-Emden systems.
The proof of Proposition 2.2 has its own interest. As an application, we also construct an interesting
example on super α2 -harmonic functions.
Proposition 1.2. For 0 < α < 2, there exists a positive radially symmetric function u, such that
(−∆)α2 u ≥ 0 in Rn, but u(x) is strictly increasing with respect to |x| for |x| < 1.
It is well-known that the spherical average of a super harmonic function is monotone decreasing.
One may ask whether u decrease for super α2 -harmonic function u? In general, Proposition 1.2 gives a
negative answer. This reveals another essential difference between the nonlocal fractional Laplacians
(−∆)α2 and the regular Laplacian −∆.
As an immediate application of Theorem 1.1, we obtain the following Liouville type theorem.
Theorem 1.3. Let (u, v) be a solution to (1.1). Suppose that p, q ≥ 1. Then (u, v) = (0, 0) if one of
the following three conditions holds,
(i) p = q = 1,
(ii) pq > 1 and 2k+α+a+p(2l+β+b)pq−1 > n− 2k − α,
(iii) pq > 1 and 2l+β+b+q(2k+α+a)pq−1 > n− 2l − β.
A. Biswas [1] proved a similar Liouville type theorem for super-solutions of fractional systems with
general nonlinearities through a probabilistic approach. We give a direct proof of PDE method for
both fractional and higher-order fractional systems. Under suitable growth assumptions on f and g,
our methods can also be applied to the following systems with general nonlinearities.
(1.8)

(−∆)k+α2 u(x) = f(x, u, v), x ∈ Rn,
(−∆)l+β2 v(x) = g(x, u, v), x ∈ Rn,
u(x) ≥ 0, v(x) ≥ 0, x ∈ Rn.
We leave this problem to interested readers.
Next, we investigate the fractional and higher-order fractional He´non-Lane-Emden systems (1.1)
using other methods. We obtain the following Liouville type theorem for (1.1) via the method of
scaling spheres in integral form when 2k + α, 2l + β < n and using Theorem 1.13 in [3] if max{2k +
α, 2l + β} ≥ n.
Theorem 1.4. If 0 < 2k + α, 2l + β < n, 0 < p ≤ n+2k+α+2an−2l−β , 0 < q ≤ n+2l+β+2bn−2k−α and (p, q) 6=
(n+2k+α+2an−2l−β ,
n+2l+β+2b
n−2k−α ), or if max{2k + α, 2l + β} ≥ n and n ≥ 2, then system (1.1) admits no
non-trivial solutions.
The method of scaling spheres developed recently in 2018 in [16] can be successfully applied to
various PDE or IE problems where the method of moving spheres and the method of moving planes
in conjunction with Kelvin transforms do not work(see [16, 17, 18, 20]). Especially, in [16] the authors
obtained the sharp Liouville theorems for fractional and higher-order sub-critical Hardy-He´non-Lane-
Emden equations via the method of scaling spheres. Peng [26] also proved Theorem 1.4 for k = l = 0,
0 < α = β < 2 and k = l ≥ 1, α = β = 0 through similar methods.
For single higher-order fractional equations, Cao, Dai and Qin [3] obtained the Liouville type
theorem in Rn by establishing super-harmonic properties and the method of scaling spheres in integral
form. Zhuo and Li [34] proved the Liouville type theorem in Rn+ with some additional assumptions.
Falzy and Wei classified all stable solutions in [21] and all finite Morse index solutions in [22] via
monotonicity formulae. For more literatures on the classification of solutions and Liouville type
theorems for various PDE and IE problems please refer to [2, 4, 5, 6, 11, 12, 13, 16, 17, 18, 20] and
the references therein.
4 DAOMIN CAO AND GUOLIN QIN
In the following, we will use C to denote a general positive constant that may depend on n, k, l,
α, β, a, b, p, q, u and v, whose value may differ from line to line. The spherical average is always
taken with respect to the center 0 for convenience.
2. Decay estimates and applications
This section is devoted to prove the decay estimates for solutions of fractional and higher-order
fractional He´non-Lane-Emden systems(i.e. Theorem 1.1). As immediate applications, we will obtain
Proposition 1.2 and Theorem 1.3.
2.1. Proof of Theorem 1.1. Applying Theorem 1.4 in [3], we obtain the equivalence between PDE
systems (1.1) and corresponding IE systems.
Lemma 2.1. Let (u, v) be a non-negative solution to systems (1.1). Suppose that 0 < 2k+α, 2l+β < n
and p, q ≥ 0, then (u, v) also solves the following integral systems
(2.1)
{
u(x) =
∫
Rn
R2k+α,n
|x−y|n−2k−α |y|avp(y)dy, x ∈ Rn,
v(x) =
∫
Rn
R2l+β,n
|x−y|n−2l−β |y|buq(y)dy, x ∈ Rn,
where the Riesz potential’s constants Rγ,n :=
Γ(n−γ
2
)
pi
n
2 2γΓ( γ
2
)
for 0 < γ < n (see [31]).
In the following, we will prove the decay estimates (1.6) and (1.7) separately.
2.1.1. Fractional cases. We first prove the key decay estimate (1.6) for (u, v) in the fractional cases
k = l = 0. From the first equation in (1.1), for arbitrary R > 0, we conclude that
(2.2) u(x) =
∫
BR(0)
GαR(x, y)|y|avp(y)dy +
∫
|y|>R
PαR(x, y)u(y)dy,
where the Green function for (−∆)α2 with 0 < α < 2 on BR(0) is given by
GαR(x, y) :=
Cn,α
|x− y|n−α
∫ tR
sR
0
b
α
2
−1
(1 + b)
n
2
db if x, y ∈ BR(0),
with sR =
|x−y|2
R2
, tR =
(
1− |x|2
R2
)(
1− |y|2
R2
)
, and GαR(x, y) = 0 if x or y ∈ Rn \ BR(0) (see [23]) and
the Poisson kernel PαR(x, y) for (−∆)
α
2 in BR(0) is defined by P
α
R(x, y) := 0 for |y| < R and
PαR(x, y) :=
Γ(n2 )
pi
n
2
+1
sin
piα
2
(
R2 − |x|2
|y|2 −R2
)α
2 1
|x− y|n ,
for |y| > R (see [7]).
Taking x = 0 in (2.2), we have
u(0) =
∫
BR(0)
Cn,α
|y|n−α
∫ R2|y|2−1
0
b
α
2
−1
(1 + b)
n
2
db
 |y|avp(y)dy
+
∫
|y|>R
C ′n,αRα
(|y|2 −R2)α2 |y|nu(y)dy(2.3)
= C0
∫ R
0
rα+a−1
∫ R2r2 −1
0
b
α
2
−1
(1 + b)
n
2
db
 vp(r)dr
+ C ′0
∫ +∞
R
Rα
r(r2 −R2)α2 u(r)dr.
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Replacing R by NR in (2.3), we get
u(0) = C0
∫ NR
0
rα+a−1
∫ N2R2r2 −1
0
b
α
2
−1
(1 + b)
n
2
db
 vp(r)dr(2.4)
+ C ′0
∫ +∞
NR
NαRα
r(r2 −N2R2)α2 u(r)dr.
Now, from (2.3) and (2.4), we deduce
∫ +∞
R
Rα
r(r2 −R2)α2 u(r)dr
≥ C1
∫ R
0
rα+a−1
∫ N2R2r2 −1
R2
r2
−1
b
α
2
−1
(1 + b)
n
2
db
 vp(r)dr
+ C1
∫ NR
R
rα+a−1
∫ N2R2r2 −1
0
b
α
2
−1
(1 + b)
n
2
db
 vp(r)dr(2.5)
≥ C1
∫ R
R
2
rα+a−1
∫ N2R2r2 −1
3
b
α
2
−1
(1 + b)
n
2
db
 vp(r)dr
+ C1
∫ NR
R
rα+a−1
∫ N2R2r2 −1
0
b
α
2
−1
(1 + b)
n
2
db
 vp(r)dr.
Letting N → +∞ and by the Lebesgue’s dominated convergence theorem, we arrive at
(2.6)
∫ +∞
R
Rα
r(r2 −R2)α2 u(r)dr ≥ C
∫ +∞
R
2
rα+a−1vp(r)dr.
Then by Ho¨lder’s inequality, for fixed t ≥ 3, we have
∫ +∞
R
2
s−t
∫ +∞
s
sβ
r(r2 − s2)β2
v(r)drds =
∫ +∞
R
2
v(r)
r
∫ r
R
2
sβ−t
(r2 − s2)β2
dsdr
≤ C
(∫ +∞
R
2
v(r)
rt
dr +R1+β−t
∫ +∞
R
2
v(r)
r1+β
dr
)
≤ CR1−t−α+ap
(∫ +∞
R
2
rα+a−1vp(r)dr
) 1
p
.
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From (2.3), it is not difficult to verify that
∫ +∞
R
Rα
r(r2−R2)α2 u(r)dr is non-increasing with respect to R,
and so is
∫ +∞
R
Rβ
r(r2−R2)β2
v(r)dr. Hence, we obtain
∫ +∞
R
2
rα+a−1vp(r)dr
≥ CRtp−p+α+a
(∫ +∞
R
2
s−t
∫ +∞
s
sβ
r(r2 − s2)β2
v(r)drds
)p
(2.7)
≥ CRtp−p+α+a
(∫ R
R
2
R−t
∫ +∞
R
Rβ
r(r2 −R2)β2
v(r)drds
)p
≥ CRα+a
(∫ +∞
R
Rβ
r(r2 −R2)β2
v(r)dr
)p
.
We infer from (2.6) and (2.7) that
(2.8)
∫ +∞
R
Rα
r(r2 −R2)α2 u(r)dr ≥ CR
α+a
(∫ +∞
R
Rβ
r(r2 −R2)β2
v(r)dr
)p
.
Similarly, from the second equation in (1.1), we can deduce
(2.9)
∫ +∞
R
Rβ
r(r2 −R2)β2
v(r)dr ≥ CRβ+b
(∫ +∞
R
Rα
r(r2 −R2)α2 u(r)dr
)q
.
If p, q > 1, then (1.6) follows immediately from(2.8) and (2.9).
2.1.2. Higher-order fractional cases. We first establish the following basic property of integral equa-
tions.
Proposition 2.2. Assume that u ∈ C1(Rn) satisfies the following integral equation
(2.10) u(x) =
∫
Rn
f(y)
|x− y|n−γ dy,
with 2 ≤ γ < n and f ≥ 0.
Then u(r) =
∫
Rn
f(|y|)
|x−y|n−γ dy and u(r) decreases with respect to r > 0.
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Proof. For all y ∈ Rn, the spherical average Γ(r, |y|) := 1|∂Br(0)|
∫
∂Br(0)
1
|x−y|n−γ dσx depends only on
r = |x| and |y|, by which we can verify that
u(r) = u(|x|)
=
1
|∂Br(0)|
∫
∂Br(0)
∫
Rn
f(y)
|x− y|n−γ dydσx
=
∫
Rn
1
|∂Br(0)|
∫
∂Br(0)
f(y)
|x− y|n−γ dσxdy
=
∫
Rn
f(y)Γ(r, |y|)dy(2.11)
=
∫
Rn
f(|y|)Γ(r, |y|)dy
=
1
|∂Br(0)|
∫
∂Br(0)
∫
Rn
f(|y|)
|x− y|n−γ dyσx
=
∫
Rn
f(|y|)
|x− y|n−γ dy,
for any x ∈ Rn and r = |x|. We also used the fact that ∫Rn f(|y|)|x−y|n−γ dy depends only on |x|.
Taking derivative of (2.11), we have
(2.12)
du
dr
(r) =
x
|x| · ∇u(x) =
γ − n
r
∫
Rn
x(x− y)
|x− y|n−γ+2 f(|y|)dy,
for all |x| = r > 0.
Obviously, if 0 < R < r, there holds
(2.13)
∫
∂BR(0)
x(x− y)
|x− y|n−γ+2dσy ≥ 0.
We claim that, for all R > r = |x| > 0, if γ > 2(= 0, < 0), then
(2.14)
∫
∂BR(0)
x(x− y)
|x− y|n−γ+2dσy > 0(= 0, < 0),
Without loss of generality, we may assume that r = 1 and x = en.
Using the spherical coordinate system with parameter θ as shown in the figure, we have∫
∂BR(0)
1− yn
|en − y|n−γ+2dσy
=
∫
∂BR(0)∩{yn≥1}
1− yn
|en − y|n−γ+2dσy +
∫
∂BR(0)∩{yn<1}
1− yn
|en − y|n−γ+2dσy(2.15)
=CR
∫ pi
2
0
− |PC| cos θ|PC|n−γ+2 (|PC| sin θ)
n−2dϕ1
dθ
(θ) +
|PD| cos θ
|PD|n−γ+2 (|PD| sin θ)
n−2dϕ2
dθ
(θ)dθ
=CR
∫ pi
2
0
−cos θ(sin θ)
n−2
|PC|3−γ
dϕ1
dθ
(θ) +
cos θ(sin θ)n−2
|PD|3−γ
dϕ2
dθ
(θ)dθ.
From the law of sines, we have
(2.16)
1
sin(θ − ϕ1) =
R
sin θ
=
1
sin(ϕ2 − θ) .
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Figure 1. Spherical coordinate system
Denoting δ = θ − ϕ1 = ϕ2 − θ, by (2.16), we deduce
(2.17)
dϕ1
dθ
(θ) = 1− cos θ
R cos δ
,
dϕ2
dθ
(θ) = 1 +
cos θ
R cos δ
.
Therefore, we obtain∫
∂BR(0)
1− yn
|en − y|n−γ+2dσy(2.18)
=C
∫ pi
2
0
cos θ(sin θ)n−2(R cos δ + cos θ)
|PC|3−γR cos δ
[( |PC|
|PD|
)3−γ − R cos δ − cos θ
R cos δ + cos θ
]
dθ.
If γ = 2, then by the identity 1sin δ =
R
sin θ , one has
|PC|
|PD| −
R cos δ − cos θ
R cos δ + cos θ
=
R cos(ϕ1)− 1
R cos(ϕ2) + 1
− R cos δ − cos θ
R cos δ + cos θ
=
R cos(θ − δ)− 1
R cos(θ + δ) + 1
− R cos δ − cos θ
R cos δ + cos θ
(2.19)
=
2R cos δ(sin2 θ + cos2 θ − 1)
(R cos(θ + δ) + 1)(R cos δ + cos θ)
=0.
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Thus, for γ = 2, we have
∫
∂BR(0)
x(x−y)
|x−y|n−γ+2dσy = 0. Since
|PC|
|PD| < 1, we can see that
( |PC|
|PD|
)3−γ −
R cos δ−cos θ
R cos δ+cos θ > 0 if γ > 2, and
( |PC|
|PD|
)3−γ − R cos δ−cos θR cos δ+cos θ < 0 if γ < 2. This concludes the proof of the
claim, and Proposition 2.2 follows from (2.12), (2.13) and (2.14). 
Now, we are able to derive the decay estimate (1.7) in the case k, l ≥ 1. By Proposition 2.2, we
know that u(r) and v(r) is decreasing for solution of (2.1) and satisfies
(2.20)
{
u(|x|) = ∫Rn R2k+α,n|x−y|n−2k−α |y|avp(|y|)dy, x ∈ Rn,
v(|x|) = ∫Rn R2l+β,n|x−y|n−2l−β |y|buq(|y|)dy, x ∈ Rn.
From the first equation in (2.20), for p ≥ 1, we have
u(R) =
∫
Rn
R2k+α,n
|x− y|n−2k−α |y|
avp(|y|)dy
=
R2k+α,n
Rn−2k−α
∫
Rn
|y|avp(|y|)∣∣∣ x|x| − yR ∣∣∣n−2k−αdy(2.21)
≥ C
Rn−2k−α
∫ R
0
∫
∂Bs(0)
savp(s)∣∣∣ x|x| − sσR ∣∣∣n−2k−αd(sσ)ds,
where R = |x| and σ is an arbitrary unit vector on ∂B1(0). Observe that
(2.22)
1∣∣∣ x|x| − sσR ∣∣∣n−2k−α ≥
1
2n−2k−α
, ∀ s ∈ [0, R] and ∀ σ ∈ ∂B1(0).
Thus we infer from (2.21) that
u(R) ≥ C
Rn−2k−α
∫ R
0
wns
n−1+a vp(s)
2n−2k−α
ds
≥ C
Rn−2k−α
vp(R)
∫ R
0
sn−1+ads(2.23)
= CRα+2k+avp(R).
Similarly, for q ≥ 1, we deduce from the second equation of (2.20) that
(2.24) v(R) ≥ CRβ+2l+buq(R).
If p, q > 1, then (1.7) is an easy consequence of (2.23) and (2.24). The proof of Theorem 1.1 is
completed.
2.2. Proof of Proposition 1.2 and Theorem 1.3. In this subsection, we prove Proposition 1.2
and Theorem 1.3. Proposition 1.2 is a direct application of (2.14). In fact, let f ≥ 0 be a smooth
radially symmetric function supported in B2(0) \B1(0) and f 6≡ 0, then
u(x) =
∫
Rn
Rα,nf(y)
|x− y|n−αdy(2.25)
=
∫
B2(0)\B1(0)
Rα,nf(y)
|x− y|n−αdy
is the desired example. One can easily verify that u is radially symmetric and satisfies (−∆)α2 u =
f ≥ 0 in Rn. For 0 < |x| < 1, there is no singularity in the integration of (2.25). Hence, we can take
derivative as (2.12). Then (2.14) implies that dudr (r) > 0 for 0 < r < 1.
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Next, we prove Theorem 1.3. If p = q = 1, then we immediately obtain a contradiction from (2.8),
(2.9) and (2.23), (2.24) by taking R large. This proves (i) in Theorem 1.3.
Since (u, v) satisfies the integral system (2.1), we can see that if (u, v) is not identically zero then
u > 0, v > 0. Further more, we can infer from the integral system that
u(x) ≥
∫
|y|≤ 1
2
Rα,n
|x− y|n−2k−α |y|
avp(y)dy
≥ C|x|n−2k−α
∫
|y|≤ 1
2
|y|avp(y)dy =: C|x|n−2k−α ,
for all |x| ≥ 1. Similar argument provides a lower bound for v. Therefore, we obtain the following
lower bound:
(2.26) u(x) ≥ C|x|n−2k−α , v(x) ≥
C
|x|n−2l−β , ∀ |x| ≥ 1.
The conclusions (ii) and (iii) in Theorem 1.3 are direct consequence of the lower bound (2.26) and
Theorem 1.1. This concludes the proof of Theorem 1.3.
3. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. If max{2k + α, 2l + β} ≥ n, Theorem 1.4 follows from
Theorem 1.13 in [3]. We only need to consider the sub-critical order case 2 < 2k + α, 2l + β < n,
0 ≤ p ≤ n+2k+α+2an−2l−β , 0 ≤ q ≤ n+2l+β+2bn−2k−α and (p, q) 6= (n+2k+α+2an−2l−β , n+2l+β+2bn−2k−α ).
Since we have the integral representation (2.1) for (1.1) by Lemma 2.1. We are able to prove
Theorem 1.4 by applying the method of scaling spheres in integral form.
Without loss of generality, we assume that 0 < p < n+2k+α+2an−2l−β and 0 < q ≤ n+2l+β+2bn−2k−α . Given any
λ > 0, we define the Kelvin transform of u and v by
(3.1) uλ(x) =
(
λ
|x|
)n−2k−α
u
(
λ2x
|x|2
)
, vλ(x) =
(
λ
|x|
)n−2l−β
v
(
λ2x
|x|2
)
,
for arbitrary x ∈ Rn \ {0}. Next, we will carry out the process of scaling spheres with respect to the
origin 0 ∈ Rn.
To this end, let λ > 0 be an arbitrary positive real number and let
(3.2) ωλ1 (x) := uλ(x)− u(x), ωλ2 (x) := vλ(x)− v(x),
for any x ∈ Bλ(0) \ {0}. Define
B−1,λ := {x ∈ Bλ(0) \ {0} |ωλ1 (x) < 0},(3.3)
B−2,λ := {x ∈ Bλ(0) \ {0} |ωλ2 (x) < 0}.
The scaling sphere process can be divided into two steps.
Step 1. Start dilating the sphere from near λ = 0. We will first show that, for λ > 0 sufficiently
small,
(3.4) ωλ1 (x), ω
λ
2 (x) ≥ 0, ∀ x ∈ Bλ(0) \ {0}.
Through direct calculations, for any x ∈ Rn, we get
u(x) = C
∫
Bλ(0)
|y|a
|x− y|n−2k−α v
p(y) +
|y|a∣∣∣ |y|λ x− λ|y|y∣∣∣n−2k−α
(
λ
|y|
)τ
vpλ(y)dy,(3.5)
uλ(x) = C
∫
Bλ(0)
|y|a∣∣∣ |y|λ x− λ|y|y∣∣∣n−2k−α v
p(y) +
|y|a
|x− y|n−2k−α
(
λ
|y|
)τ
vpλ(y)dy,
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where τ := n+ 2k + α+ 2a− p(n− 2l − β) > 0.
Therefore, for any x ∈ B−1,λ, we obtain
ωλ1 (x) = uλ(x)− u(x)
= C
∫
Bλ(0)
(
|y|a
|x− y|n−2k−α −
|y|a∣∣∣ |y|λ x− λ|y|y∣∣∣n−2k−α
)((
λ
|y|
)τ
vpλ(y)− vp(y)
)
dy(3.6)
> C
∫
B−2,λ
(
|y|a
|x− y|n−2k−α −
|y|a∣∣∣ |y|λ x− λ|y|y∣∣∣n−2k−α
)
max
{
vp−1(y), vp−1λ (y)
}
ωλ2 (y)dy
≥ C
∫
B−2,λ
|y|a
|x− y|n−2k−α max
{
vp−1(y), vp−1λ (y)
}
ωλ2 (y)dy.
Similarly, for any x ∈ B−2,λ, we have
ωλ2 (x) ≥ C
∫
B−1,λ
|y|b
|x− y|n−2l−β max
{
uq−1(y), uq−1λ (y)
}
ωλ1 (y)dy.(3.7)
By Hardy-Littlewood-Sobolev inequality, we derive from (3.6) and (3.7) that
‖ωλ1‖Lt(B−1,λ) ≤ C
∥∥∥|x|a max{vp−1, vp−1λ }ωλ2∥∥∥
L
nt
n+(2k+α)t (B−2,λ)
≤ C
∥∥∥|x|a max{vp−1, vp−1λ }∥∥∥
L
n
2k+α (B−2,λ)
‖ωλ2‖Lt(B−2,λ)
‖ωλ2‖Lt(B−2,λ) ≤ C
∥∥∥|x|b max{uq−1, uq−1λ }ωλ1∥∥∥
L
nt
n+(2l+β)t (B−1,λ)
≤ C
∥∥∥|x|b max{uq−1, uq−1λ }∥∥∥
L
n
2l+β (B−1,λ)
‖ωλ1‖Lt(B−1,λ),
for any max{ nn−2k−α , nn−2l−β} < t <∞.
Therefore, we arrive at
‖ωλ1‖Lt(B−1,λ) ≤ Cλ,u,v‖ω
λ
1‖Lt(B−1,λ),(3.8)
‖ωλ2‖Lt(B−2,λ) ≤ Cλ,u,v‖ω
λ
2‖Lt(B−2,λ),
where
Cλ,u,v := C
∥∥∥|x|a max{vp−1, vp−1λ }∥∥∥
L
n
2k+α (B−2,λ)
∥∥∥|x|b max{uq−1, uq−1λ }∥∥∥
L
n
2l+β (B−1,λ)
.
Since (2.26) implies that
inf
x∈Bλ(0)\{0}
uλ(x) ≥ C, inf
x∈Bλ(0)\{0}
vλ(x) ≥ C,
for any λ ≤ 1, we have for 0 < p < 1 and 0 < q < 1,
sup
x∈Bλ(0)\{0}
uq−1λ (x) ≤ C, sup
x∈Bλ(0)\{0}
vp−1λ (x) ≤ C.
Thus, there exists a 0 > 0 small enough such that
(3.9) Cλ,u,v ≤ 1
2
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for all 0 < λ ≤ 0.
Thus, (3.8) implies
(3.10) ‖ωλ1‖Lt(B−1,λ) = ‖ω
λ
2‖Lt(B−2,λ) = 0, ∀ 0 < λ ≤ 0,
which means B−1,λ = B
−
2,λ = ∅. Therefore, (3.4) holds and Step 1 is completed.
Step 2. Dilate the sphere Sλ outward until λ = +∞.
In this step, we will dilate the sphere Sλ outward until λ = +∞ to derive lower bound estimates
on u and v. Step 1 provides us a start point to dilate the sphere Sλ from place near λ = 0. Now we
dilate the sphere Sλ outward as long as (3.4) holds. Let
(3.11) λ0 := sup{λ > 0 |ωµ1 ≥ 0, ωµ2 ≥ 0 in Bµ(0) \ {0}, ∀ 0 < µ ≤ λ} ∈ (0,+∞].
Hence, one has
(3.12) ωλ01 (x) ≥ 0, ωλ02 (x) ≥ 0, ∀ x ∈ Bλ0(0) \ {0}.
Suppose 0 < λ0 < +∞. We will first show that
(3.13) ωλ01 (x) > 0, ω
λ0
2 (x) > 0, ∀x ∈ Bλ0(0) \ {0}.
Indeed, if we assume
(3.14) ωλ1 (x
0) = 0, for some x0 ∈ Bλ0(0) \ {0},
then by the second equality in (3.6) and (3.12), we arrive at
0 = ωλ0(x0) = uλ0(x
0)− u(x)(3.15)
≥ C
∫
Bλ0 (0)
(
|y|a
|x0 − y|n−2k−α −
|y|a∣∣∣ |y|λ0x0 − λ0|y|y∣∣∣n−2k−α
)((
λ0
|y|
)τ
− 1
)
vp(y)dy > 0,
which is absurd. Thus, we must have ωλ01 (x) > 0. Similarly, one can prove that ω
λ0
2 (x) > 0 and
(3.13) holds true. Furthermore, by continuity, on a fixed small ball Bδ(x
0) ⊂ Bλ0(0) \ {0}, we have
ωλ01 (x) > c, ω
λ0
2 (x) > c for some constant c > 0. Then, we can derive from (3.6) and (3.7) that
there exists a 0 < η < λ0 small enough such that, for any x ∈ Bη(0) \ {0},
(3.16) ωλ01 (x), ω
λ0
2 (x) > c0 > 0.
We fix 0 < r0 <
1
2λ0 small enough, such that
(3.17) C
∥∥∥|x|a max{vp−1, vp−1λ }∥∥∥
L
n
2k+α (Aλ0+r0,2r0 )
∥∥∥|x|b max{uq−1, uq−1λ }∥∥∥
L
n
2l+β (Aλ0+r0,2r0 )
≤ 1
2
for any λ ∈ [λ0, λ0 + r0], where C is the constant in (3.8) and the narrow region
(3.18) Aλ0+r0,2r0 := {x ∈ Bλ0+r0(0) | |x| > λ0 − r0} .
We infer from (3.13) and (3.16) that
(3.19) m1 := inf
x∈Bλ0−r0 (0)\{0}
ωλ01 (x) > 0, m2 := inf
x∈Bλ0−r0 (0)\{0}
ωλ02 (x) > 0.
Note that (3.19) is equivalent to
(3.20) |x|n−2k−αu(x)− λn−2k−α0 u(xλ0) ≥ m1λn−2k−α0 , ∀ |x| ≥
λ20
λ0 − r0 .
Since u is uniformly continuous on B4λ0(0), we infer from (3.20) that there exists a 0 < ε1 < r0
sufficiently small, such that, for any λ ∈ [λ0, λ0 + ε1],
(3.21) |x|n−2k−αu(x)− λn−2k−αu(xλ) ≥ m1
2
λn−2k−α, ∀ |x| ≥ λ
2
λ0 − r0 ,
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which is equivalent to
(3.22) ωλ1 (x) ≥
m1
2
> 0, ωλ2 (x) ≥
m1
2
> 0, ∀x ∈ Bλ0−r0(0) \ {0}.
Similar argument indicates that there exists a 0 < ε2 < r0 sufficiently small, such that, for any
λ ∈ [λ0, λ0 + ε2],
(3.23) ωλ2 (x) ≥
m2
2
> 0, ∀x ∈ Bλ0−r0(0) \ {0}.
Set ε3 = min{ε1, ε2}. By (3.22) and (3.23), we know that for any λ ∈ [λ0, λ0 + ε3],
(3.24) B−1,λ ∪B−2,λ ⊂ Aλ0+r0,2r0 .
Hence, (3.8), estimates (3.17) and (3.24) yield
(3.25) ‖ωλ1‖Lt(B−1,λ) = ‖ω
λ
2‖Lt(B−2,λ) = 0, ∀ 0 < λ ≤ 0
Therefore, for any λ ∈ [λ0, λ0 + ε3], we deduce from (3.25) that, B−1,λ = B−2,λ = ∅. Thus, for any
λ ∈ [λ0, λ0 + ε3], we conclude that
(3.26) ωλ1 (x) ≥ 0, ωλ2 (x) ≥ 0, ∀ x ∈ Bλ(0) \ {0},
which contradicts with the definition (3.11) of λ0. Thus we must have λ0 = +∞, that is,
(3.27) u(x) ≥
(
λ
|x|
)n−2k−α
u
(
λ2x
|x|2
)
, v(x) ≥
(
λ
|x|
)n−2l−β
u
(
λ2x
|x|2
)
,
for all |x| ≥ λ and 0 < λ < +∞. For arbitrary |x| ≥ 1, let λ := √|x|. Then (3.27) yields the following
lower bound estimate:
u(x) ≥
(
min
x∈S1
u(x)
)
1
|x|n−2k−α2
:=
C1
|x|n−2k−α2
,(3.28)
v(x) ≥
(
min
x∈S1
v(x)
)
1
|x|n−2l−β2
:=
C2
|x|n−2l−β2
, ∀ |x| ≥ 1.
Denoting µu,0 :=
n−2k−α
2 , µv,0 :=
n−2l−β
2 , we infer from the first integral equation in (2.1) and
(3.28) that for |x| ≥ 1,
u(x) ≥ C
∫
2|x|≤|y|≤4|x|
1
|x− y|n−2k−α|y|pµv,0−ady ≥
C1
|x|µu,1 ,
where µu,1 := pµv,0−(a+2k+α). Similarly, we obtain that v ≥ C|x|µv,1 with µv,1 = qµu,0−(b+2l+β).
For i = 0, 1, 2, · · · , we define
µu,i+1 := pµv,i − (a+ 2k + α), µv,i+1 := qµu,i − (b+ 2l + β).
Then, we have
µu,i+2 := pqµu,i − p(b+ 2l + β)− (a+ 2k + α),(3.29)
µv,i+2 := pqµv,i − q(a+ 2k + α)− (b+ 2l + β).
If pq = 1, then obviously µu,2j , µv,2j → −∞ as j → +∞. For pq 6= 1, noticing that n−2k−α2 −
p(n+2l+β)+(a+2k+α)
pq−1 < 0 and
n−2l−β
2 − q(a+2k+α)+(b+2l+β)pq−1 < 0, one can check that for pq > 1,
µu,2j , µv,2j → −∞ as j → +∞, and for pq < 1
µu,2j → p(b+ 2l + β) + (a+ 2k + α)
pq − 1 < 0,
µv,2j → q(a+ 2k + α) + (b+ 2l + β)
pq − 1 < 0,
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as j → +∞.
In all cases, it is obvious that the lower bound for |x| > 1 and j large
u(x) ≥ C|x|µu,2j , v(x) ≥
C
|x|µv,2j ,
contradicts with the decay estimate (1.6). This concludes the proof of Theorem 1.4.
References
1. A. Biswas, Liouville type results for systems of equations involving fractional Laplacian in exterior domains,
Nonlinearity, 32 (2019), no.6, 2246-2268.
2. D. Cao and W. Dai, Classification of nonnegative solutions to a bi-harmonic equation with Hartree type
nonlinearity, Proc. Roy. Soc. Edinburgh Sect. A, 149 (2019), 979-994.
3. D. Cao, W. Dai and G.Qin, Super poly-harmonic properties, Liouville theorems and classification of non-
negative solutions to equations involving higher-order fractional Laplacians, preprint, arXiv: 1905.04300.
4. W. Chen, W. Dai and G. Qin, Liouville type theorems, a priori estimates and existence of solutions for
critical order Hardy-He´non equations in Rn, preprint, arXiv: 1808.06609.
5. W. Chen and C. Li, Classification of solutions of some nonlinear elliptic equations, Duke Math. J., 63
(1991), no. 3, 615-622.
6. W. Chen and C. Li, Super polyharmonic property of solutions for PDE systems and its applications, Comm.
Pure Appl. Anal., 12 (2013), 2497-2514.
7. W. Chen, Y. Li and P. Ma, The Fractional Laplacian, World Scientific Publishing Co. Pte. Ltd., 2020,
344 pp, https://doi.org/10.1142/10550.
8. W. Chen, Y. Fang and R. Yang, Liouville theorems involving the fractional Laplacian on a half space, Adv.
Math., 274 (2015), 167-198.
9. W. Chen, C. Li and Y. Li, A direct method of moving planes for the fractional Laplacian, Adv. Math., 308
(2017), 404-437.
10. L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian, Comm. PDE., 32
(2007), 1245-1260.
11. W. Dai, Y. Fang J. Huang, Y. Qin and B. Wang, Regularity and classification of solutions to static Hartree
equations involving fractional Laplacians, Discrete Contin. Dyn. Syst. - A, 39 (2019), no. 3, 1389-1403.
12. W. Dai and Z. Liu, Classification of positive solutions to a system of Hardy-Sobolev type equations, Acta
Mathematica Scientia, 37 (2017), no. 5, 1415-1436.
13. W. Dai and Z. Liu, Classification of nonnegative solutions to static Schro¨dinger-Hartree and Schro¨dinger-
Maxwell equations with combined nonlinearities, Calc. Var. Partial Differential Equations, 58 (2019), no.
4: 156, https://doi.org/10.1007/s00526-019-1595-z.
14. W. Dai, Z. Liu and G. Qin, Classification of nonnegative solutions to static Schro¨dinger-Hartree-Maxwell
type equations, preprint, arXiv: 1909.00492.
15. W. Dai and G. Qin, Classification of nonnegative classical solutions to third-order equations, Adv. Math.,
328 (2018), 822-857.
16. W. Dai and G. Qin, Liouville type theorems for fractional and higher order He´non-Hardy type equations
via the method of scaling spheres, preprint, arXiv: 1810.02752.
17. W. Dai and G. Qin, Liouville type theorem for critical order He´non-Lane-Emden type equations on a half
space and its applications, preprint, arXiv: 1811.00881.
18. W. Dai and G. Qin, Liouville type theorems for elliptic equations with Dirichlet conditions in exterior
domains, Journal of Differential Equations, 269 (2020), 7231-7252.
19. W. Dai and G. Qin, Liouville type theorems for Hardy-Henon equations with concave nonlinearities, Math.
Nachr., 293(2020), no.6, 1084-1093. DOI: 10.1002/mana.201800532.
20. W. Dai, G. Qin and Y. Zhang, Liouville type theorem for higher order He´non equations on a half space,
Nonlinear Analysis, 183 (2019), 284-302.
21. M. Fazly and J. Wei, On stable solutions of the fractional He´non-Lane-Emden equation, Commun. Contemp.
Math., 18 (2016), no.5, 24pp.
22. M. Fazly and J. Wei, On finite Morse index solutions of higher order fractional Lane-Emden equations,
Amer. J. Math., 139 (2017), no.2, 433460.
FRACTIONAL HE´NON-LANE-EMDEN SYSTEMS 15
23. T. Kulczycki, Properties of Green function of symmetric stable processes, Probability and Mathematical
Statistics, 17 (1997), 339-364.
24. K.Li and Z.Zhang, Proof of the He´non-Lane-Emden conjecture in R3, Journal of Differential Equations,
266 (2017), 202-226.
25. E. Mitidieri, Nonexistence of positive solutions of semilinear elliptic systems in RN , Differential Integral
Equations, 9 (1996), 465-479.
26. S. Peng, Liouville theorems for fractional and higher order He´non-Hardy systems on Rn, to appear
inComplex Var. Elliptic Equ., 2020, 25pp, DOI:10.1080/17476933.2020.1783661.
27. P. Pola´cˇik, P. Quittner and P. Souplet, Singularity and decay estimates in superlinear problems via
Liouville-type theorems. Part I: Elliptic systems, Duke Math. J., 139 (2007), 555-579.
28. A. Quaas and A.Xia, A Liouville type theorem for Lane-Emden systems involving the fractional Laplacian,
Nonlinerity, 29 (2016), 2279-2297.
29. L. Silvestre, Regularity of the obstacle problem for a fractional power of the Laplace operator, Comm. Pure
Appl. Math., 60 (2007), 67-112.
30. P. Souplet, The proof of the Lane-Emden conjecture in four space dimensions, Adv. Math., 221 (2009), no.
5, 1409-1427.
31. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Landmarks in Math-
ematics, Princeton University Press, Princeton, New Jersey, 1970.
32. M. A. S. Souto, A priori estimates and existence of positive solutions of non-linear cooperative elliptic
systems, Differential Integral Equations, 8 (1995), 1245-1258.
33. J. Serrin and H. Zou, Non-existence of positive solutions of Lane-Emden systems, Differential Integral
Equations, 9 (1996), no. 4, 635-653.
34. R. Zhuo and Y. Li, A Liouville theorem for the higher-order fractional Laplacian, Commun. Contemp.
Math., 21 (2019), no.2, 19pp.
School of Mathematics and Information Science, Guangzhou University, Guangzhou 510405,
and Peoples Republic of China and Institute of Applied Mathematics, AMSS, Chinese Academy
of Sciences, Beijing 100190, Peoples Republic of China
E-mail address: dmcao@amt.ac.cn
Institute of Applied Mathematics, Chinese Academy of Sciences, Beijing 100190, and Uni-
versity of Chinese Academy of sciences, Beijing 100049, P. R. China
E-mail address: qinguolin18@mails.ucas.ac.cn
